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Letters o the Editor

fluctuation in displacement given by

Fal  4dlhvAf
(8'“)2=;n'2w4= mEaict
There is a similar expression for me.

If we assume statistical independence of the fluctuations
of the momenta and hence the displacement of the two
mirrors (to be discussed below), we then find that the mean
squared differential displacement is given by
8LhvAf

(Bx2)?= mewte?

Note that this recoil effect becomes larger as I is increased,
which is as expected.

Any detectable displacement 8xg caused by external forces
must be greater than that obtained by adding in quadrature
8xz and the minimum value of 8x; satisfying equation (1);
that is
keADAf 8IohvAf

Sxq)tz o 20TV,
(@xa)*= 8wy miawic? @
Adjusting Jo to minimise the right-hand side of (2) yields
NS
2 «
(6xa)?= ol 3)

3 Uncertainty principle limit

We now calculate the minimum observable differential
displacement of ma and me consistent with the uncertainty
principle. Qur treatment is similar to that of Braginskii and
Vorontsov (1975).

Suppose our apparatus is capable of measuring the dif-
ference between the positions of two infinitely heavy masses
in time ¢ with an uncertainty of {(Ax)¢ in the bandwidth
Af=1/2t. Such a measurement would, however, produce
an unpredictable change in the momenta of the masses,
and for the finite masses in a real experiment, an unpredict-
able and possibly significant change in velocity; we now
consider this effect,

Let Ap be the uncertainty in the momentum difference
between masses ma and mp. The uncertainty relation
ApAxzh (for two independent masses) implies a minimum
momentum uncertainty given by

K2
(ApY= ko

In a bandwidth Af, corresponding to an observing time
=1/2Af, this is equivalent to a differential force AF acting
on the masses given by
L
(AF) (A2 (Ax)?

Thus over a bandwidth Af at an angular frequency w well
above the resonant frequency of the suspensions of the
masses, this equivalent force would cause a differential
displacement and hence a mean squared uncertainty in
relative position

4hB(AS)?
mewd(Ax)
The square of the total uncertainty 8xr in the differential
displacement between ma and ms is given by the sum of
(Ax)? and (Ax)?, that is

(Sxr)E=(Ax)E+

(Ax)2=

ARNAS®
miwi(Ax)?
and minimising with respect to (Ax)? we obtain
ah
Bxq)l=
(8x1) = Af.

which is the same as the minimum value of (8x4)? satisfying
expression (3).

4 Discussion of mass recoil
We now discuss our reasons for assuming statistical inde-
pendence for the momentum fluctuations of the two masses.

Suppose a single photon has passed through the inter-
ferometer. The recoil effects can be seen as follows, There
is a probability amplitude that the photon went into arm
A, was reflected by the mirror attached to ma, and caused
ma to recoil; there is a corresponding amplitude for arm
B. The mirror test masses are then left in a superposition
of states: in one state, ma has received the entire impulse
2hvic while ms has received no impulse, and in the other
state, the reverse has occurred.

In a multi-photon beam, the action of each photon can
be considered approximately independent (Doppler effects
can be shown negligible, and have been omitted). Then the
effect of many photons is to leave the masses ma and ms
in a quantum mechanical state with a probability distribution
of momenta which is just as if each photon had randomly
gone one way or the other.

When this effectively random division is combined with
the fact that the incident photon distribution is Poisson,
it can be shown that there is no correlation between the
momentum fluctuations of ma and mp. The analysis is
essentially the same as that which explains the lack of cor-
relation between the photon number fluctuations in the two
beams obtained from a beam splitter illuminated by a laser
(see, for example, Loudon 1973, 1976).

As a final point, we remark that if the system was illu-
minated with chaotic light, there might be a correlated
component in the momentum fluctuations of ma and ms;
but if the system was carefully balanced, the differential
recoil effects would be little worse than those obtained with
coherent light,
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