Lecture 1: The basics of general relativity

December 12, 2020

This is my attempt at a 2-hour-long overview of general relativity (GR). I am
focusing only on topics relevant to future discussions of gravitational waves (GW).

Literature

I used primarily Hawking & Ellis and Landau & Lifshitz (vol 2). I like these two
books because they barely have any approach in common. It is nice to see things from
multiple angles.

Topics covered

We start with general remarks about GR and its origin. then we dive into manifolds.
In general relativity space-time is treated as a four-dimentional maniold. We introduce
manifolds and the structures living on them. Then we discuss how to operate with these
structures. We define Riemann tensor and its physical meaning. We write Einstein’s
equation. We take a limit to obtain Newtonian gravity. The purpose of this is to show
how g,,, looks in Newtonian case and to demonstrate that we can indeed absorb the
gravitational force into g,,,. Then we derive gravitational waves and calculate binary-star
inspiral. The last two scanned pages are taken from lectures by Chris Hirata.
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III. APPLICATION: INSPIRAL OF A BINARY STAR

As a final application, let us consider the evolution of a binary star composed of two components with masses A,
and M, with separation a on a circular orbit. We will make the velocities involved nonrelativisitic. The system has
a kinetic+potential energy of

MM
Eorb it ; 2 (33)
a
and hence a total mass of
My A
M =M+ M — ;a12. (34)
The orbital frequency of the system is
, 1/2
=20 _ (Mt M) 7 (35)

P 2372
Our interest is in following the effect of gravitational radiation on the orbit. To do this, we first need to find the
quadrupole moment. For masses separated at angle ¢ = ¢p + (1t, this is

22 1 g 0
MMy [ €S ¢’ 3 qos;ﬁsm?
ij = ——=—a°| cos¢sing sin“p—3 0 |. 36
If we use the double-angle identities, this becomes
leos2¢+1  1sin2¢ 0
MMy o[ 250 %E 3 1
ij = —————a 58sin2 —-scos2p—2 0 |, 37
W=t | demee —hesend O (37)
and taking the third derivative gives
' 4sin2¢ 4dcos2¢ 0
O = Mida_ 203 4cos2¢ —4sin2¢ 0 |. (38)
7T M+ M.
: s 0 0 0
The gravitational wave power is then
o Lo 1 MMy ,o0\? 32/ MMy \? g
(B) = 5(QuQu) = 3 (Ml + My ) B2 = 5 \M, + ;) ° @ (39)
Using Kepler’s second law to eliminate 2 gives
. > AF2ZAL2( A/ ,
(B) = 32 MFMS(M) + Mz). (40)

5 ad

This is the rate at which the system loses orbital energy. Assuming that the masses of the objects don’t change
(e.g. that there is no transfer of energy from the internal structure of the bodies into the orbit), we may equate this
with the rate of change of orbital energy,

s ) . MM\ _ MM, y
(E) =8, (1\1: + AMa % ) = “5a2 a, (11)
and hence obtain
o= _g M My(M) + ﬁ’fg). (42)

5 a3
The — sign indicates that the two bodies spiral together.
Since the rate of inspiral due to gravitational wave emission is proportional to a~3, it follows that as the two bodies
approach each other, they inspiral faster and faster. One may find the approach time by taking

2
c’h(a“) = da% = —?ﬂ’fll\ffg(ﬂ’h + A’Ig), (43)

and hence we see that the inspiral reaches a = 0 in a finite time
low = = .
256 M Mo(My + M2)
This time is shortest for massive bodies on close orbits, as one might expect.

(44)



6 \\
A. Examples

As a simple example, let’s consider the inspiral times associated with solar-system scales. Recall that, converted
into times, a solar mass is 4.9 ps and the astronomical unit is 500 s. Therefore, we can calculate the inspiral time of
a system:

(a/1 AU)*

_ 17
tow =3.3x 107" yr M Mo(My + Ma) /M3

(45)

For the Earth orbiting the Sun, with AM; = Mg and My = 3 x 10750 at a separation of 1 AU, the inspiral time is
10?3 years. Of course by then the Sun will have turned into a white dwarf, Mercury and (maybe) Venus and Earth
will have been consumed, and it is doubtful even that the orbits of the other planets are stable over that timescale.
As a more extreme example one could consider the “hot Jupiters” that have been found around other stars with
My ~ 1073Mg and a = 0.05 AU. There the inspiral time is 2 x 10'5 years. So we can see that even in extreme
situations, gravitational waves have no effect on planetary orbits.

Gravitational waves do however have a more significant effect on binary stars. If we consider a binary with masses
of My = M, = Mg, and we ask how close the orbits must be to merge in less than the age of the Universe (10'°
years), we find

a<0016AU or P<12hr. (46)

There are many instances of stellar remnants (white dwarfs and neutron stars) in orbits with periods of this order of
magnitude or shorter (even as short as a few minutes). Such objects will spiral in due to gravitational wave cmission
and lead to mergers, which will be detectable as bursts of gravitational waves by the next generation of detectors.




